The approximate equations of motion for the electrons in a cyclic lattice of a metal are set up with the help of the self-consistent field. The displace m ents of the ions are then considered as perturbations of the motion of the electrons. The change of the boundary is compensated by a co-ordinate transformation. The change of the potential energy of the lattice due to a homogeneous deformation is calculated by the perturbation method. The calculated values of the elastic constants are found to be in satisfactory agreement with the observed values.
Introduction
The character of metallic binding has been revealed by the calculations of Wigner & Seitz (1933 , 1934 . But little progress has since been made in developing a crystal theory of metals comparable with the classical crystal theory of ionic lattices of Born (1923) , apart from the calculation of the elastic properties (Frohlich 1937; Fuchs 1936a; Bardeen 1938) .
Recently one of us (Fuchs 1940) suggested that the method ofthe operator calculus is suitable for further progress in this direction. In this paper we wish to attempt such a development, and the general method of treatment f Now a t the University of Birmingham.
is outlined. The results are applied to a calculation of the elastic constants. The calculation of the thermal frequencies will be given in a later paper by one of us.
The abstract notation of the operator calculus of metals, though well suited for explaining the ideas involved, is rather unwieldy, if applied to more complicated problems (e.g. the thermal frequencies). For this reason we shall use in this paper the equivalent methods of the wave theory.
To avoid getting involved in a great number of numerical calculations, it is eventually necessary to introduce the simple Wigner-Seitz approximation for the calculation of the wave functions. Yet it is worth while to start with a more general case. Not only does it give a correct picture of the approxima tions involved; it also allows us to apply those corrections to the simple Wigner-Seitz approximation, which have been studied by Wigner & Seitz in their succeeding papers, e.g. the lattice energy and the correlation energy between the electrons.
We shall therefore start from the Fock-Dirac system of equations for the wave functions of the metallic electrons, which has recently been studied by one of us (Peng 1941 , in the following quoted as I). The perturba tion theory developed in th a t paper can be immediately employed for our present purposes.
In §1, the Fock-Dirac equations for the electrons in a cyclic lattice of metals are set up, and the general expression for the lattice potential energy is given. In § 2, the ionic displacements are treated as perturbations and the perturbation method is described. § 3 is devoted to the explicit calculation of certain perturbation operators and to the derivation of certain useful relations expressing them in terms of a substitution operator. We then confine ourselves to the case of homogeneous deformation and enter into the detailed calculation of the elastic constants.
The results for the elastic constants show th at, as far as the volume independent combinations of the elastic constants are concerned, the approximations introduced in previous calculations are justified. B ut for the compressibility an improved equation is derived, which compares favourably with experimental results. 1
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We consider an infinite crystal with lattice vectors a x, a 2, a 3. The lattice points are then given by az = /1a 1 + Z 2a 2 + Z 3a3. In the equilibrium con figuration each lattice point is occupied by an ion. B ut if we consider homogeneous deformations or thermal oscillations, the ions will be dis placed. We may then express the position of the Zth ion as a function of a* r1 = r(a*).
(M )
For the homogeneous deformation the function r(a/) has the form *i(a0 = a\+ H aj, (1-2 i= i the lower indices denoting vector components. sti is the symmetric strain tensor. For thermal oscillations we have r(a*) = a '+ £ U«e*«-a* (U~« = U«*), (1-26) Q where the summation extends over all thermal wave vectors q.
We now introduce the conditions of the cyclic lattice. We take a very large piece of the metal, consisting of N lattice points; this will be referred to as the fundamental region. We require th a t the configuration of the ions and the wave functions of the electrons throughout space be obtained by periodic continuation of the fundamental region.f Let 2 nb e the number of electrons in the fundamental region, n electrons for each spin direction. We shall denote the n self-consistent wave functions of the electrons by \{r (y = 1,2, and normalize them in the funda mental region.
Let # (r, r') = e2/| r -r ' | be the interaction between two electrons, and let V(r, rl) = F (r -r*) be the interaction between an electron a t r and an ion at r*. We introduce the self-consistent potential energy operator Fe defined by oo n n W r = 2F(r,r')vS' +2 £ (^a-^aU fy~ 2 ^a-(1-3)
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The suffixes oo signify th a t the lattice summation extends over the whole infinite lattice and th at the scalar product is defined as an integral over the whole of space (^a • * = f d r '^f( r') ^(r , r') f r (r').
(1-4)
Further, we denote the kinetic energy operator of the electron by T(r), i.e.
The Fock-Dirac system of equations for the metallic electrons then reads (cf. I, equations (1) and (2) and §3) (T + Voo-W7)i/rY = 0 (y = l,2 ,...,n ) , (1-6) which determines both the wave functions ijry and the parameters Wy.
Owing to the summation and integration over the whole of space, the operator Fo throughout space is obtained by periodic continuation of the f I t can be shown easily th a t this restriction on th e wave functions is justified by applying Bloch's theorem to a lattice w ith th e fundam ental region as base. fundamental region. This shows th a t the condition of periodicity imposed upon the wave functions is compatible with the wave equations (1*6).
The first two terms on the right of (1*3) diverge; but their sum, repre senting the potential of an electrically neutral system, converges. We shall leave the terms in the divergent form, as it is obvious how they should be combined to give a convergent expression.
Let 4\(rl , r*') be the interaction between two ions. The total energy of the fundamental region is the sum of (i) the kine+;c energy of the ions, (ii) the kinetic energy of the electrons, (iii) the interactions of the electrons with the ions, (iv) the interactions among the electrons, and (v) the interactions among the ions. After averaging over the rapid motion of the electrons, we can imagine th a t the metal is replaced by a lattice of ions, with the sum of (i) the average kinetic energy of the electrons, (ii) the average interactions of the electrons with the ions, (iii) the average interactions among the electrons, and (iv) the interactions among the ions as the lattice potential energy. Remembering th a t we are dealing with 2 electrons, n for each spin direction (cf. I, § 3 for the appearance of the factor 2), we have, there fore, the following expression for the potential energy of the fundamental region: n n oo n * = 2 s Wv • Tfy) + 2 S S (fy ■ F(r, r') f y) + 2 S (ty ■ (fx ■ ®fx)« t r)
Here the summation over l without the index oo extends over the funda mental region and similarly the scalar products without the index oo are defined as integrals over the fundamental region. Referring to the expres sion (I, equation (5)) for the total energy of the electrons, we see th a t is simply the sum of the total energy of the electrons in the field of the ions and the interactions among the ions. I t depends on the configuration of the ions through the corresponding Fock functions ijry (y = 1,2, and of course the energy <f>(r1,r1') between two ions; and it varies as the of atoms in the fundamental region.
P erturbation method
The perturbation theory for the Fock-Dirac system of equations has been given in I. We shall apply this to develop the lattice potential energy (1*7) with respect to the parameters or U2 3 introduced above. Let ip'y denote the solution of the wave equations (1*6) when the ions are displaced in accordance with (1*1), and let ijr(® be the wave functions when the ions are in their equilibrium positions. Now the wave functions oscillate very strongly in the neighbourhood of the ions. When the ions are dis placed, they will simply carry the wave functions in their neighbourhood with them. Accordingly we introduce the co-ordinate transformation r = r(p), (2*1) where the function r is the same as in (1*1). I t follows with (1*1) th a t the image in p-space of the position of an ion is a lattice point = a*. We introduce also the transformed wave functions defined by
where 3(r)/3(p) is the Jacobian. As the ^y(r) oscillate strongly in the neigh bourhood of r = r1, so the ^y(p) oscillate strongly in the neighbourhood of p = 2l1 . Since the ^^( r) oscillate strongly in the neighbourhood of r = a*, the above shows th a t ^X p )is suitable for a zero approximation to The Jacobian factor is introduced on the right-hand side of (2-2) in order to normalize the ^y(p) in the fundamental region in p-space. This region is obtained from th a t in r-space by the transformation (2*1) and is the same as the fundamental region of a lattice in the equilibrium configuration.
I t follows from (2*1) and (2-2) and the periodic conditions of the wave functions in r-space th a t the transformed wave functions through out p-space are obtained by periodic continuation of the fundamental p-region.
The transformation (2-2) of the wave functions induces a canonical transformation of operators. We shall write
?(a* > a0 ={<P(rl> rO}r* = r(a*), r*' = r(a*')> (2*3) so th at the wave equations and the expression for the lattice potential energy are invariant in form. We now abbreviate F(p,az) by T^(p) and az) by < f> w; and we expand T (p ), Tj(p), ^(p, p') and < fia> i of s^j or Ua:
Evidently we have 5) and, corresponding to (1*3) and (1*6), the equations
Now since the v^y(p) and the ^^(p) are normalized in the same region and satisfy the same periodic conditions, it is possible to solve the transformed wave equations by expanding the ^y(p) into series, as in I, of the unper turbed eigenfunctions (I, equations (9) and (11) 
where the scalar products without the index oo are volume integrals over the fundamental p-region, in which the unperturbed eigenfunctions are normalized.
In the calculation of the perturbation energy of the electrons in I, terms have been cancelled by using the relation (I, equation (16)) 0 " -9 % , (< = 0 ,1 ,...), which means, in the present case, (0 ,(0 -9 " > 0 
This is indeed true, because the p') are symmetric in p and p' and the apparent finite volume integrations implied by the outer brackets of both sides of the above equation, being integrals of periodic quantities over a complete period, can be indefinitely extended. Hence we are perm itted to use the final results obtained in I.
For the expansion of the lattice energy & = + + <^2> -f ... we have then only to add the expansion of the interactions among the ions to the perturbation expansion of the total energy of the electrons. The first-order and the second-order perturbation energy of the electrons are given by I (18*1) and (18*3). Since we are dealing with 2 electrons, n for each spin direction, these equations are to be slightly modified in accordance with I, § 3. Thus we obtain for <pd), 0(2). + real part of 2 2 2 ( z^ + S J^ + 2 2 3 % , -S »$!*>}«$• (2-13)
The potential energy 0*o) of the lattice in equilibrium can be obtained from (1*7) by replacing r* and \jry by a7 and xjr( y \
The substitution operator
The explicit expressions for (i = 1 ,2 ,...) are easily obtained from the Taylor expansions of Vt, < /)u> of (2- and similarly for ^(1V^(2), <fi$, The explicit expressions for T(1) and T(2) are to be calculated from the expansion of T, which, by (2*2) and (2*3), is given by
where the {dpjdr^ are expressed in terms of p. We shall give another method for the calculation of and (i = 1,2,...) which yields at the same time certain useful relations. We introduce the substitution operator
c being an arbitrary constant to be chosen later. For an arbitrary function / ( p -al), we have then
A (P )/(P " a0 = c[9(r)/9(p)]*{/(r _ r /)}r = i(p), r* = r(a*)-(3'5)

Now both T(p)f(p -al) and V(p -a1) f(p -a1)
are functions of pwe have therefore also
A(P) np)
A p -a') = cP(r)/3(p)]» {r(r) / ( r -r')}"[()1), and
The right-hand sides of these equations are, by (3'5) and (2-3), equal to
Hence arbitrary function/(p -a1), we obtain the operator equations
(3-8)
From these, with the series expansions of T, Vh and Dl (the constant c of (3*4) being chosen so th a t D(
and similar relations for expressing F(x), V f] in terms of F (p -and J)jp, D{ p. These equations can be used for the calculations of and F?>, V f\ When lx, l2, lz all assume the value zero, we shall omit the index l of Dt or Vt. The lattice point a1 coincides in this case with the origin, so th a t F(p -a1) becomes simply F(p). Adding to (3*9) the corresponding equations with F in place of T and choosing in particular lx = l2 = lz = 0, we get
Thesef will be of use later for the transformation of certain volume integrals.
The perturbation equations for homogeneous deformation
From now on we shall confine ourselves to the case of homogeneous deformation. The co-ordinate transformation r(p) is a homogeneous linear transformation with constant coefficients
The quantities F^(p), X p , p ' ) , f t u -(i = 0 ,1 ,2 ,...) depend only on th relative co-ordinates p -a*, p -p', a!-a ! 'r espectively. For instance, w
The partial derivatives dri/dpj and dpjdrj are constants. Hence the Jacobian factor is a constant and, by (3*3), the transformed kinetic energy operator is a homogeneous quadratic form of d/dpi = 1, 2,3) with constant coefficients, viz.
The constant c occurring in (3*7) may be chosen in such a way to cancel the Jacobian factor occurring also there. Then, choosing = = 0, we have
The unperturbed eigenfunctions are known to be of the form (Bloch's theorem (1928)) ) = N^e^u^X p ) , (4*5)
where the v ff possess the periods a l5 a 2, a3, the lattice vectors of the un deformed lattice, and the k are the corresponding reduced wave vectors. The vectors k assume practically continuous values; therefore the eigen values W*p are divided into bands. Each band contains N levels; each level belongs to a different wave vector. Belonging to one and the same wave vector there are an infinite number of eigenfunctions, one from each band, their eigenvalues being separated considerably from each other. Occasion ally we shall write /? = (6, k) with 6 and k indicating respectively the band and the reduced wave vector. Now d2ijr( f/d p i dpj has the same wave character as itself; and the eigen functions belonging to different wave vectors are orthogonal. Hence T ( f y vanishes except when i/rff belongs to the same wave vector as xJ/Xf. And the same is true for & j\\y, a and the infinite summation over l of F$y, remembering th a t and Fj° depend respectively only on the relative co-ordinates p -p' and p -a*. That is to say th a t we have Z $ = 0, 2 V% = 0, S % , = 0, ^rA = 0 (i = 0 ,1 ,...), (4-6) Owing to these facts it follows from the equation (2*9) for and the similar equations for etc., th a t the &py {i = 1 ,2 ,...) vanish unless the condition (4-7) holds. Thus the transformed wave functions ^( p ) for the electrons in the deformed lattice are again of the form (4-5) with some periodic functions Up, say, in place of the u®\ This is equivalen Bloch theorem for the deformed lattice which asserts th a t the wave functions vMr ) are °f the form
where k denotes the wave vectors of the deformed lattice and Up(r) possesses the periods a l5 a 2, a 3, the lattice vectors of the deformed lattice. Therefore we have to calculate those m atrix elements for which the wave vectors satisfy the condition (4*7). All equations below in which both /? and y occur refer only to such values of /?, y as satisfy (4*7).
We shall subdivide the fundamental p-region into N identical polyhedra, the Zth one surrounding the Zth ion. Since the integrand of possesses the periods a 1? a 2, a 3, the integral over the fundamental p-region is simply N times the integral over the region of one atomic polyhedron. We have therefore
where the integral with the index Q covers the region of an atomic poly hedron, say, the basic one th a t surrounds the ion a t the origin (a = 0). Similarly, we have
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= N f dp ifrf* F<*> i/rf f dp xjrf* V Jo 7
where the accent to the summation sign indicates th a t the term with h = h -h = 0 is to be omitted in the lattice summation. Making use of these relations, we collect here the perturbation equations for (cf. (2-9), (2-12), (2-13) respectively) n A=*l fiv --J M dp The unperturbed eigenvalue problem (2*6) is more conveniently written in this case (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) where the accent to indicates th a t the term representing the potential due to the ion a t a* = 0 is missing from the summation of (2*7).
Solution of the perturbation equations
For the solution of the perturbation equations we shall use the following method, which is in fact identical with the method of operator calculus introduced by one of us (Fuchs 1940) ; but for the present purpose it is more convenient to avoid the abstract notation used in th a t paper.
We consider an integral over a bounded region Q of the form f dp(T®f*).g = 0 ,1 ,...), J a w here/ and g are arbitrary functions of p. As T® is, by (4*3), a certain linear combination of d2/dppdpq (p, q = 1,2,3), we can transform the above in tegral, by two partial integrations, into an integral with the integrand f*(T®g) plus certain surface integrals. This transformation will often be needed in the following (in the case where = 0, this coincides with Green's theorem):
(a) The equation for
From (4*14) follows ( W f -W f )J dp f f * . m fry -f dp(T+ V + F(°y) fr f* . m -f
•J Z2 J i}
By partial integrations as explained above, we transform the integral with For the calculation of 0 (2) we need only such th a t refers to an occupied state. Employing plane-wave eigenfunctions according to the approximation of the metallic correspondence (Slater 1934, § 18), we have estimated th a t the second term on the left of (5*2) is in general much smaller than the first, so th a t (5-2) can be solved by the method of successive approximations. From the zero approximation to %fy = N f dp iff*. D^iff we can proceed to the first approximation, and so on. Hence if we write dp i/rf + , (5-4)
then X^y (/?#y), which can be obtained by successive approximations, is in general small on account of the big denominator -For /? = y, from the normahzation conditions follows = 0 (cf. I, 14)).
(6) The first-order lattice energy. The first-order lattice energy is given by (4-12), i.e. where is defined by
We can then write (4*13) in the form 0(2) _ 0(2) ' + real part of 2 £ (w f dp ijrf* . {T™ + F<2>) xjrf + £ H^w A , r»i where <£(2)' is but an abbreviation for those terms of (4-13) which will not be considered for the moment, i.e. 2m<ti J n V r 3^ dp.
+ Nj^dp(V%>'x/rf* . m x / r f -x j r f * . (5-14)
where <^2)' and are given respectively by (5*10) and (5-6).
In (5-6) and (5*14) the interaction between an ion and an electron in the same atomic polyhedron is entirely eliminated. This avoids much numerical calculation necessitated by the fact th a t for short distances between the ion and the electron the interaction is known only numerically.
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P erturbation energy in the Wigner and Seitz's approximation
The equations (5-5) and (5-14) give and #<2) as accurately as they can be obtained by the method of self-consistent field, if the unperturbed wave functions are known to the same order of accuracy. At present, however, the rjr^ are only roughly known by the method of Wigner & Seitz (1933, I934)-In order to get an approximate solution of the Fock-Dirac system of equations corresponding to the equilibrium configuration of the ions, these authors make use of the facts (i) th a t the metallic electrons of monovalent metals behave largely like free electrons, and (ii) th a t the atomic poly hedron for body-centred or face-centred cubic lattice approximates closely to a sphere. Now it is known th a t the plane-wave functions are the eigenfunctions of the ordinary potential, as well as the exchange potential, th at arises from an interaction dependent only on the relative co-ordinates of the interacting particles (Brillouin 1934; Seitz 1935) . For an arbitrary interaction / of the relative co-ordinates p -p', the eigenfunctions of the ordinary potential P(f) and those of the exchange potential A(f) are to be determined respec tively from the equations
P (/)^(p ) = 2 2 f d p '^(p ')/(p -p ')^A(p')^(p) = con st.f(p ),
(6-1) A=*l J 00
which are, however, satisfied by plane-wave functions. If we apply the above to the Coulomb interaction of the electrons, taking f = &, we arrive at the result that, to the approximation of free electrons, the exchange and the ordinary potential of the electrons in monovalent metals are constant.
To the approximation th at the basic atomic polyhedron is replaced by a sphere, the lattice arrangement of the ions outside is replaced by a spherical distribution. The potential energy of an electron inside the atomic sphere due to its interactions with the ions outside arises chiefly from the Coulomb interaction and is, by electrostatics, constant. In our notation the above means th a t F^' is constant. From (4*14) and (4*8) we then arrive a t the wave equations of Wigner & Seitz:
where the parameters E {® of Wigner & Seitz differ from the of Fock & Dirac merely by the constant F®*'. The are normalized in the atomic sphere if we choose this to be of the same volume as the atomic polyhedron. We shall refer to E {® as the Wigner-Seitz energy.
By making use of (6-3), the potential ertergy of the lattice in equilibrium is given by We now consider the perturbation energy due to a homogeneous defor mation, assuming th a t the unperturbed system of the Fock-Dirac equations can be solved by the approximate method of Wigner & Seitz. We have then in p-space a spherical distribution of 'ions' outside the atomic sphere, the interaction of an 'ion' and an 'electron' in p-space being, however, Vt. In order to show th a t the potential energy of an 'electron' inside the atomic sphere arising from its interactions Vt with the spherical distribution of 'ions' outside is also constant, we apply the inverse transformation of (4*1), i.e. from p to r. This transforms the family of concentric spheres in p-space into the family of concentric and similar ellipsoids in r-space, and the interaction Vt = F(r(p), r(a /)) into the Coulomb interaction F(r, r*). We can then apply the theorem of the potential theory th a t the potential inside the cavity of a uniformly charged shell bounded by concentric and similar ellipsoidal surfaces is constant (e.g. Moulton 1902, p. 92) .
By applying (6*1) and (6*2) to the interaction & of the 'electrons' in p-space, taking the unperturbed plane-wave functions for the s, we see th a t the ordinary and the exchange potentials arising from £?(p -p') are also constant.
The above consideration holds for an arbitrary homogeneous deformation. Hence we have W ith i = 0, (6*5) implies again th a t V^' is constant. We use this and (6*5) with i = 1 to simplify the expressions (5*6) and (5*14) for the perturbation energy. E fN f dp ^< 0 ) + 2 i v f dp ftf* ( T™ + F (1 ))
On comparing (6-6) with (6-4) we notice the similar structure of these expressions for 0W, 0 (2). The fact th a t jE^ and E®* are independent of the mutual interaction between the electrons shows clearly th a t they repre sent the perturbation of the Wigner-Seitz energy. The perturbation to the wave equations of Wigner & Seitz is merely a change of the boundary arising from the deformation of an atomic sphere into an ellipsoid. Thus E^ and J?(2) are composed of surface integrals.
We shall now evaluate the above expressions for ^ and For the alkali metals-with the exception of lithium-and also for copper and silver, it is known th a t the wave functions for the occupied states are given in fair approximation by
where u(p) does not depend on k. W ith such wave functions the WignerSeitz energy E^) is given by (6 -10) where E( 0) is the Wigner-Seitz energy of the lowest state (with k = 0). Being a function of the distance only, u(p) satisfies the equation
with the boundary condition (du/dp)p=ro = 0, (6-12) r 0 being the radius of the atomic sphere, i.e. 477t §/3 = Q, the atomic volume of the undeformed lattice. From (6*11) and (6*12) follow Substituting (6-9) for tp®*and (4*4) for D(1) and D*2* into (6* and making use of (6-12)-(6*15), we obtain The last line of (6* 17) cannot be calculated without the knowledge of the eigenfunctions i/rft and eigenvalues of the excited bands. For simplicity, we shall neglect it. This implies th a t the factor / is treated as constant, as will be shown below.
We consider the perturbation of the Wigner-Seitz energy of the lowest state k = 0 due to a uniform dilatation
The perturbation expansion for the Wigner-Seitz energy of the lowest state (we shall omit the index y for k = 0)
then must coincide with the Taylor expansion
where E is considered as a function of the radius of the atomic sphere. Substituting (6-18) into (6*16) and (6*17) we obtain, by comparison of (6*19) and (6-20), the relations E(r0) = E (0\ dE/dr0 = 3 f{V(r0) -E^}/r0> and
the summation covering the unoccupied states with k = 0. The relation (6*21) has been derived by Bardeen (1938) by Frohlich's method of 'perturbation of boundary conditions ' (1937, 1938) , while (6*22) is evidently its analogue. Forming d2E/dr% from (6-21) and comparing this with (6*22), we get, after removing the common factor (F(r0) -E^}/r0 from both sides, $ * (6 -2 3 > This shows th a t if we neglect the last line of (6*17) we can then treat / as constant. Thanks to previous numerical calculations (Wigner & Seitz (1933 , 1934 and Bardeen (1938) for sodium; Fuchs (1935) for copper and silver), we shall take in the following / = 1. On the right-hand side of (6-17) the term containing the factor ( / -1) then vanishes. We rewrite, therefore, (6-16) and (6*17) as follows:
The dependence of the Wigner-Seitz energy vector k as given by (6*10), (6-24) and (6-25) single equation 2 Ê ( i = 0 ,1 ,2 ,...) on the can be summarized in the where E = E® + E<V + + ..., Ey = + E f + E f + ... and k is simply the wave vector in the deformed lattice. Neglecting any temperature effects, it follows th a t all states within a sphere of radius k0 in k-space are occupied, and the total Wigner-Seitz energy of all the electrons is given by where Q, = 477fjj/3, denotes the atomfc volume of the deformed lattice.
The elastic constants
The total lattice energy is
where &°\ <^2) are given by (6*4) and (6-6). W ith the help of (6*27) and (2-4) we can write (7*1) in the form
= N E + N F + 2
S S ' f dp We shall split (7*2) into the terms =
N (E + F + A + L -S + I ) .( 7-3)
Here E is the energy of the lowest state and F the Fermi energy; together they give the Wigner-Seitz energy, which has been considered in the last section.
NA is given by NA = -2 ^yAyA The first term of (7*6) gives the Coulomb interaction between the elec trons; the second term, the interaction between electrons and ions with the exception of electron and ion in the same atomic polyhedron which is given, for the idealized model, by the third term; and the last term, the Coulomb interaction between the ions.
The third term of (7*6) has no significance for the actual metal; it has only been added, because then N Li s a quantity th a t can conv calculated. In order to obtain the actual lattice energy it must be sub tracted again. This is done by means of the quantity defined by
Further, the interaction between the ions contains not only the Coulomb interaction, which is taken care of in N L , but also the van der Waals forces and repulsive forces. These are collected in the term N I of (7*3),
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Comparison of (7-4), (7-6), (7-7) and (7*8) with (7-2) shows th a t we have taken into account all terms.
We consider first the exchange energy (7*4). By applying the co-ordinate transformation from p to r, we have [7] [8] [9] where the summation over k and S ' extends over all the occupied states, i.e. all the states within a sphere of radius &0 in k-space. where a0 denotes the atomic unit of length, i.e. = h2jme2. Hence, to the approximation of Wigner, we have to add the term N C to the right-hand side of (7*3). Its contribution to the elastic constants will be seen in the following paragraphs:
(a) Elastic deformation without change of volume. We consider now an elastic deformation without change of volume. I t has been shown above th at F, A and C depend only on the atomic volume ((6*28), (7*10) and (7-11)). In the appendix it will be shown th a t in addition E -S depends only on the volume. Thus the two independent combinations of elastic constants corre sponding to elastic deformations without change of volume are given by the variation of N (L + I), i.e. by the variation of the Coulomb energy o idealized model and the non-Coulomb energy of the ions.
The two relevant combinations of the elastic constants have been calculated previously (Fuchs 1936 ) from the variation of At the time the assumption th a t this is sufficient could only be made a probable one. We can now see exactly to w hat extent the approximation is justified. Indeed, the approximation is rather better than could be expected a t the time. For most monovalent metals the approximation is quite sufficient. The only exception is lithium, for which better unperturbed wave functions than (6-9) are to be used.
(b) The bulk modulus. The bulk modulus has been calculated previously by one of us from the variation of E + F + 1 and by other authors quoted at the beginning of the Introduction. In the approxim ations/= 1, df/dr0 = 0, we can eliminate the quantity (F(r0) -E^},which arises and d?E/dr% (cf. (6-21), (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) ), between the equation of state and the expression for the bulk modulus. We obtain thus for the bulk modulus 1 /k( kb eing the compressibility) a t zero pressure [7] [8] [9] [10] [11] [12] which differ from the previous formula (Fuchs 1936a, p. 445) merely by the additional contribution arising from the variation of the term of the lattice energy. Substituting for A and C the values (7*10) and (7*11) (of course with r0 now in place of f0), for L, the values L = -0*89586e2/r0 (for face-centred cubic lattice) and L = -0-89593e2/r0 (for body-centred cubic lattice) calculated previously (Wigner & Seitz 1934; Fuchs 1935) and for the value 8 = -3e2/2r0 given a t the end of the Appendix, we find
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Here, on the right, the first term (1/k)efi arises from the variation of E + F + I, the second term, from th a t of and the third term, from C, the difference of L for the face-centred and body-centred lattices being non-significant.
In the following 
14-lf 13-7 13-8 13-9f * F o r lithium th e approxim ation (6-9) is n o t justified. f These values are from Fuchs (1936a) (for alkalis) an d (1935) (for Cu). The experim ental values refer to zero tem p eratu re, ex trapolated by Fuchs.
J The values in this row are from W igner & Seitz (1933) and W igner (1934) . § This refers to zero tem p eratu re and zero pressure, obtained by B ardeen (1938) by extrapolation. H is calculated value for 1 /k of N a is 0-833 in th e above units. In his calculation, he neglected th e variatio n of / , th e non-Coulomb energy of th e ions, b u t, instead of taking / = 0 and df/drQ = 0, he calculated th e values, of / for a range of values of r0 by num erical m ethods.
We see th at the second and third terms of (7-13) definitely improve the agreement between the calculated and experimental values of the bulk modulus, but the correlation energy C plays a much less im portant role in the calculation of the elastic constants than it does in the calculation of the binding energy of metals.
We wish to thank Professor Max Born for the interest he has taken in the present work.
A p p e n d i x
We shall now prove th a t the combination contributes nothing to the elastic resistance a t constant volume.
For cubic lattices the perturbation expansion 
When the volume is kept constant, there are only two independent elastic distortions which we choose as follows (Fuchs 1936) : (A) Compression and expansion parallel to two of the cube edges, the compression and the expansion being so related th a t the volume is un changed.
(B) Uniform shear parallel to one surface of the cube. Let eA and eB denote respectively the parameters measuring these distortions, eA being the fractional elongation of the cube edge and eB the angle of shear. The elastic resistances for these distortions are measured respectively by 0A = (l/2)d20 / d ê and 0 B = (l/2 )d 20/de%. These ar given in terms of 0X , 0X X , etc., by ®a = ® 1 + ^11-^i2> &B -~^ + ~2~ • These relations, being linear in 0 , hold for each term of 0 , e.g. for E or S. In order to prove th a t E -8 contributes nothing to the el a t constant volume, we have to show th a t EA = SA and EB = SB. From (6*24) and (6*25), we obtain in accordance with Hence, by (ii), we have for EA and EB (V tends to -e2jp for large p)
Crystal theory of metals
They satisfy of course the isotropic condition EA = 4 as the atomic polyhedron has been approximated by a sphere.
For the calculation of SA and SB we need the quantities S ij and 8 iipq which, by (7-7), are given by 
J q Q p
Substituting this value into (x) and comparing the result with (iii), we see th at Ea -8a and EB = 8B . q .e .d .
